We interpret quantum computing as a geometric evolution process by reformulating finite quantum systems via Connes' noncommutative geometry. In this formulation, quantum states are represented as noncommutative connections, while gauge transformations on the connections play a role of unitary quantum operations. Thereby, a geometrical model for quantum computation is presented, which is equivalent to the quantum circuit model. This result shows a geometric way of realizing quantum computing and as such, provides an alternative proposal of building a quantum computer.
Quantum computation has the advantage of solving efficiently some problems that are considered intractable by using conventional classical computation [1] . In this context, there are two remarkable algorithms found: Shor's factoring algorithm [2] and Grove's search algorithm [3] . But it remains a challenge to find efficient quantum circuits that can perform these complicated tasks in practice, due to quantum decoherence. A crucial step in the theory of quantum computer has been the discovery of error-correcting quantum codes [4] and fault-tolerant quantum computation [5, 6] , which established a threshold theorem that proves that quantum decoherence can be corrected as long as the decoherence is sufficiently weak. To tackle this barrier, a revolutionary strategy, topological quantum computation (see [7] and references therein), is to make the system immune to the usual sources of quantum decoherence, by involving the globally robust topological nature of the computation. Recently, substantial progress in this field has been made on both theoretical and experimental fronts [8] .
In this paper, we provide an alternative approach to quantum computation from a geometrical view of point. To this end, we need to reformulate quantum mechanics via Connes' noncommutative geometry [9] . In this formulation, quantum states are represented as noncommutative connections, while gauge transformations on the connections play a role of unitary quantum operations. In this way, we present a geometrical model for quantum computation, which is equivalent to the quantum circuit model. In this computational model, information is encoded in gauge states instead of quantum states and implementing on gauge states is played by gauge transformations. Therefore, our scheme shows a geometric way of realizing quantum computing and as such, provides an alternative proposal of building a quantum computer.
Let H be a N dimensional Hilbert space associated with a finite quantum system. Let A be the algebra of all (bounded) linear operators on H, and let U(A) = {u ∈ A : uu * = u * u = I} with I being the unit operator on H. Given a selfadjoint operator D on H, (A, H, D) is a spectral triple in the sense of noncommutative geometry [9, 10] . A (noncommutative) connection on (A, H, D) is defined to be a selfadjoint operator V on H of the form that follows
where
For avoiding triviality, we always assume that D = 0 or I in what follows. For any (pure) quantum state |ψ ψ| with ψ being a unit vector in H, we have 
with a = |ϕ ψ|. Thus, every quantum state |ψ ψ| can be represented as a connection, denoted by V ψ , i.e.,
Let G D (H) be the set of all connections V which can be written as V = V ψ + uDu * − D with ψ being a unit vector in H and u ∈ U(A). An element in G D (H) is said to be a gauge state on (A, H, D). Any quantum state is necessarily a gauge state, but a gauge state need not to be a quantum state. However, any gauge state V can be obtained from a quantum state by performing a gauge transform. Indeed, if
• for any u ∈ U(A), G u (V ) is again a gauge state;
Therefore, a gauge transform preserves gauge states.
Let V be a gauge state which is prepared from a quantum state |ψ ψ| by operating a gauge transform G u , i.e., V = G u (V ψ ). For any event E, the probability of E occurring on V is
Note that a gauge state may be prepared in several ways. Hence, the probability of a event E occurring on a gauge state V depends on the quantum state from which V is prepared. Let H be a selfadjoint operator on H. Assuming u t = e itH for t ∈ R, we have that the gauge transforms V t = G t (V ) on a fixed gauge state V under u t form a group (see [11] ), that is,
This yields a dynamical equation governed by the Hamiltonian H for gauge states on (A, H, D) as follows [12]
with V 0 = V. In particular, for a unit vector ψ we have
We now turn to product of two spectral triples. Suppose (A i , H i , D i ), i = 1, 2, are two spectral triple associated with finite quantum systems. Put
with I i being the unit operator on
Now we illustrate our scheme by using a qubit. Let H = C 2 and
Then (M 2 , C 2 , D) is a spectral triple with D = σ x , where M 2 is the set of all 2×2 complex matrices. For |0 = 1 0 ,
we have
For |1 = 0 1 , we have
Hence G σy (V |1 ) = G σz (V |0 ) and so, the gauge state
can be prepared in two different ways.
We are now ready to interpret quantum computation from a geometrical view of point. But let us take a step backward and discuss the standard quantum circuit model for computation [13] . Let H = (C 2 ) ⊗ n , the tensor product of n copies of C 2 . A quantum circuit model on n qubits consists of
• a initial state |ψ , represented by a unit vector ψ ∈ H;
• a quantum circuit Γ = U N U N −1 · · · U 1 , where quantum "gates"
the identity on all remaining factors;
• reading the output of the circuit Γ|ψ by measuring the first qubit; the probability of observing |1 is P (Γ) = ψ|Γ * Π 1 Γ|ψ , where Π 1 = |1 1| ⊗ I · · · ⊗ I is the projection to |1 in the first qubit.
where I is the identity on C 2 . A computational model based on the spectral triple (A, H, D) is as follows:
• Initialization of a gauge state V ψ in the spectral triple (A, H, D), where ψ is a unit vector in H;
• Gauge implementation of the computational program
where "gates" G U k , 1 ≤ k ≤ N, are gauge transformations induced by U k ;
• Application of the projection operator Π 1 for reading the output of the computation G(Γ)(V ψ ); the probability of observing |1 is P (
Thus, we obtain a geometrical model on n qubits for quantum computation, which is evidently equivalent to the quantum circuit model as described above. Due to the essential role of gauge transformations played in this computational model, we call this scheme gauge quantum computation.
As illustration, we give the Deutsch-Jozsa algorithm [14] in gauge quantum computation. Let f : {0, 1} n → {0, 1} be a function that takes an n-bit into a bit. We call f balanced if f (x) = 1 for exactly half of all possible x and f (x) = 0 for the other half. Given a function f that is either constant or balanced, we want to find out which it is with certainty. More precisely, we select one x ∈ {0, 1} n and calculate f (x) with the result being either 0 or 1. What is the fewest number of queries that we can make to determine whether or not f is constant? In the classical case, at worst we will need to calculate f 2 n−1 + 1 times, because we may first obtain 2 n−1 zeros and will need one more query to decide. However, in the setting of quantum computation we could achieve the goal in just one query using the Deutsch-Jozsa algorithm. In the sequel, we give a realization of the Deutsch-Jozsa algorithm in gauge quantum computation.
Let H = (C 2 ) ⊗(n+1) and A = M 2 n+1 . Given a selfadjoint operator D on H that is not 0 or I, we get the desired spectral triple (A, H, D) . For a given f, we define the associated operator U f on H as U f |x, y = |x, y ⊕ f (x) for x ∈ {0, 1} n and y ∈ {0, 1}. Recall that the Hadamard operator H on C 2 is
where x·y signifies ordinary multiplication. The following is the Deutsch-Jozsa algorithm in the setting of gauge quantum computation:
• Initialization of a gauge state V ψ with ψ = |0 ⊗n ⊗ |1 ;
• Gauge implementation of the computational pro-
• Application of the projection operator Π |0 ⊗n for reading the output of the computation G(Γ)(V ψ ),
where Π |0 ⊗n is the projection to |0 ⊗n in the first n qubits.
The final gauge state is
Since the amplitude for the state |0 ⊗n in the first n qubits is x (−1)
f (x) /2 n , the probability of observing 0 is 1 if f is constant, or 0 if f is balanced. Thus we have two possibilities of obtaining the outcome zero or the outcome nonzero. In the first case, f is certainly constant and in the second case f must be balanced. Therefore, we only need to perform three times gauge transforms for determining whether or not f is constant.
In conclusion, we present a geometrical description of quantum computation via noncommutative geometry. In this geometrical model, information is encoded in gauge states and computational operation is implemented by gauge transforms instead of unitary transforms. In principle, gauge transforms are easier to perform than unitary quantum operation [15] . Therefore, gauge quantum computation should be more accessible than the usual quantum circuit computation and as such, this provides an alternative proposal of building a quantum computer. 
